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FAT POINTS ON A GRID IN P2
MARK BUCKLES - ELENA GUARDO - ADAM VAN TUYL
We study homogeneous schemes of fat points in P2 whose supportis either a complete intersection (CI for short) constructed on an a × bgrid or a CI minus a point, i.e. Xgrid = {CIgrid (a, b);m} and Ygrid =
{CIgrid (a, b) \ Pab;m} respectively.We study the connections between the above fat point schemes andparticular varieties of simple points called partial intersections (p.i. forshort). We prove that a homogeneous fat point scheme of type Xgrid =
{CIgrid (a, b);m} has the same graded Betti numbers, and hence, the sameHilbert function of a particular p.i. depending only on a, b,m . Moreover, ascheme of double points of type Ygrid = {CIgrid (a, b)\ Pab; 2} has the sameHilbert function of another particular p.i. depending on a, b,m .We also describe an alternative approach to the problem by consideringthe Gro¨bner basis of IYgrid .
Introduction.
Let P1, . . . , Ps be s distinct points in Pn and m1, . . . ,ms a list of positiveintegers. Let IZ = pm11 ∩ . . . ∩ pmss ⊆ R = k[x0, . . . , xn], where k is analgebraically closed �eld and pi is the prime ideal corresponding to Pi inR. Let Z denote the subscheme de�ned by IZ . Sometimes Z is denoted asZ = {P1, . . . , Ps;m1, . . . ,ms}. The scheme Z is called a scheme of fat points.If mi = m for all i = 1, . . . , s , then Z is called a homogeneous scheme of fatpoints.
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The Hilbert function of IZ has been studied in P2 by many authors, (cf. [6],[8], [9], [13], [14], [15], [16]) but much remains conjectural for points in genericposition. We know very few results for schemes of fat points in Pn . Importantwork in this area is due to Alexander and Hirschowitz in [2], [3], and [4]. Otherpapers that have results about fat points in Pn are [7], where the authors �nd analgorithm to compute the Hilbert function of fat points whose support lies on arational normal curve, and [10], where the author studies fat point schemes on asmooth quadric of P3.We specialize to the case n = 2 and Z is a homogeneous fat point schemewhose support Zred is either a complete intersection (CI for short) or a CI minusa point. The philosophy behind this approach is that complete intersections (andtheir subsets) have more properties and structure than general sets of points. Westudy the following problem:
Problem 1. Let X = {P1, . . . , Pab;m1, . . . ,mab} be a scheme of fat points in
P2 such that Xred = {P1, . . . , Pab} is a CI of type (a, b). Furthermore, assumethat m = m1 = · · · = mab . Let Y ⊆ X be de�ned by removing one point fromthe support of X. What are the possible Hilbert functions of Y ⊆ P2 ?
In the case that the underlying CI is a grid in P2, we were partiallysuccessful in answering the question. Our main contribution is to show thatin this restricted case there is a connection between the Hilbert function offat points whose reduced scheme is a CI and the Hilbert function of a partialintersection (de�ned in Section 3). This connection is the content of Proposition3.2 and Proposition 4.7. Moreover, the latter proposition shows that the Hilbertfunction of schemes of fat points whose support is a CI or a CI minus a pointdoes not depend on the forms of degree a and b that generate the CI, but onlyon the numbers a, b and m.Our paper is structured as follows. In the �rst section we set our notation.Next, we quickly examine what the current literature says in connection toour problem. In Section 3 we examine the homogeneous scheme Xgrid =
{CI (a, b);m} whose support Xred = CI (a, b) is constructed on a grid. Wealso introduce the notion of a partial intersection. In the following section,we discuss the connection to our problem and the Hilbert functions of partialintersections. In the last section, we describe an alternative approach to theproblem by considering the Gro¨bner basis of IXgrid .Some results of this paper are part of the Ph. D. thesis of the second author([11]).All the results of this paper are contained in the survey [5]. We wouldlike to thank all those involved at Pragmatic Summer School of Research atthe Universita` di Catania, especially A. Ragusa, A.V. Geramita, J. Migliore,
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C. Peterson, and A. Bigatti, for introducing us to this problem. The third authorwould also like to acknowledge his �nancial support from NSERC.
1. Preliminaries and setup.
We �x R = k[x0, x1, x2], where k is an algebraically closed �eld ofcharacteristic zero. Let Z = {P1, . . . , Ps;m1, . . . ,ms} be a scheme of fat pointsin P2 whose support is Zred = {P1, . . . , Ps}. If mi = m for all i = 1, . . . , s ,then Z is called a homogeneous scheme of fat points.Let X� be a complete intersection of type (a, b) in P2. We write X� =CI (a, b). Suppose X� = {P1, . . . , Pab} are the distinct ab points in this CI. If
pi is the prime ideal of R that corresponds to Pi , then for any positive integerm, we let
IX = pm1 ∩ · · · ∩pmab.
We denote the homogeneous scheme de�ned by IX by X = {CI (a, b);m}. Notethat Xred = X� = CI (a, b). We also assume that a ≤ b.Let Y� denote the scheme de�ned by removing one point from X� =CI (a, b), i.e., Y� = CI (a, b)\{P}.We are interested in determining the Hilbertfunction of R/IY where IY = pm1 ∩ · · · ∩ pmab−1 is the ideal corresponding tothe homogeneous scheme Y of fat points whose support is Y�.From now on we will write X \ P to denote the set X \ {P}.In this paper we focus our attention to the schemes of fat points whosesupport is a CI constructed on an a × b grid. We describe this constructionbelow.
Method 1.1. We construct X = {CI (a, b);m} by taking Xred to be a CIgenerated by two  totally reducible  forms of degree a and b, that is, theCI is given by the intersection of two sets of lines in P2 as an a × b grid. Wecan visualize this as
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• • • • • • •
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Ra
...
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where the lines R1, R2, . . . , Ra and L1, L2, . . . , Lb which de�ne the grid in P2are chosen generically. Once we have picked the lines de�ning the grid, wecan determine {P1, . . . , Pab} and compute the prime ideal pi corresponding toPi . We denote the homogeneous scheme X by Xgrid = {CIgrid (a, b);m} andits de�ning ideal by IXgrid = pm1 ∩ · · · ∩ pmab . The homogeneous scheme Y isdenoted by Ygrid = {CIgrid (a, b) \ Pi j ;m} for some 1 ≤ i ≤ a and 1 ≤ j ≤ b.By renumbering the lines Ri or Lj , we can always suppose to remove Pab . Wedenote its de�ning ideal by IYgrid = pm1 ∩ · · · ∩ pmab−1.
2. Known results.
Let X = {CI (a, b);m} for some a, b, and m with a ≤ b. In this sectionwe look at the case a = 1. If a = 1, and thus X = {CI (1, b);m}, then X is acollection of b fat points on a line in P2. When we remove a point from Xredto construct Y, the resulting scheme is simply Y = {CI (1, b − 1);m}. In otherwords Y is the scheme of b − 1 fat points on line.We can now use a result of [8] to compute the Hilbert function of Y.
Proposition 2.1. Let X = {CI (1, b);m} and Y the homogeneous scheme offat points whose support is Yred = Xred \ P. Then Y = {CI (1, b − 1);m}.Furthermore, set ti = m + i(b − 2) for 0 ≤ i ≤ m. Then
�HR/IY (t) =
� t+1 0 ≤ t < mm-i ti ≤ t < ti+10 tm ≤ t
where �HR/IY (t) := HR/IY (t)− HR/IY (t − 1).
Proof. The formula is an application of Proposition 3.3 of [8]. �
3. Results on Xgr id = {CIgrid (a, b);m}.
In this section we will prove some results concerning the Hilbert functionof Xgrid = {CIgrid (a, b);m} and special varieties of points called partialintersections that depend on a, b and m.Let us de�ne partial intersections in P2. Fix two sets of lines of P2, say
{R�i } for i = 1, . . . , a and {L �j } for j = 1, . . . , b such that no three of themhave a common point, and denote Pi, j = R�i ∩ L �j . Let p = (p1, . . . , pr ) andq = (q1, . . . , qr ) be two sets of r positive integers with b = p1 > . . . > pr > 0,q1 + . . .+ qr = a. Put r(i) = in f {s ∈N|�sj=1 qj ≥ i}, for i = 1, . . . , a.
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With this notation, we consider the variety V consisting of the pointsPi, j (i) , where i = 1, . . . , a and j (i) = 1, . . . , pr(i) . (Note that r(i) takes themeaning of the subscript of the q corresponding to the line R�i .) Every varietyconstructed in this way will be called a partial intersection of type (p, q), orsimply, a p.i.We have
Lemma 3.1. Let V be a partial intersection of type (p, q), with p =
(p1, . . . , pr ) and q = (q1, . . . , qr ). Put b = p1 and a = r�i=1 qi . Then OVhas a minimal free resolution of the following form
(1) 0→ r�
t=1
OP2 (−bt ) →
r�
t=0
OP2 (−at ) → OP2 → OV → 0
where a0 = a, at = pt + t−1�k=0 qk (q0 = 0), and bt = pt + t�k=1 qk, fort = 1, . . . , r .
Proof. See Proposition 2.1 in [17] or [18]. �
Let a, b and m be three positive integers with a ≤ b. Let p = (p1, . . . , pm)and q = (q1, . . . , qm) be two m-tuples of positive integers such that pk =(m − k + 1)b, and qk = a for k = 1, . . . ,m. That is, p = (mb, (m − 1)b, (m−2)b, . . . , 2b, b), and q = (a, a, . . . , a). We de�ne Xp.i. to be the partial inter-section of type (p, q) = ((mb, (m − 1)b, (m − 2)b, . . . , 2b, b), (a, a, . . . , a)),i.e.,
Xp.i. = {P �i, j (i) = R�i ∩ L �j (i) | i = 1, . . . ,ma and j (i) = 1, . . . , pr(i)}.
We can visualize this scheme as the following scheme of simple points:
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a
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Using Lemma 3.1 to compute the minimal resolution of Xp.i. , we have
(2) 0→ m�
t=1
OP2 (−bt )→
m�
t=0
OP2 (−at ) → OP2 → OXp.i. → 0
where a0 = ma, at = (m − t + 1)b+ (t − 1)a, and bt = (m − t + 1)b+ ta, fort = 1, . . . ,m. The generators of Xp.i. are of type:
G �k+1 = R�1R�2 . . . R�(m−k)aL �1 . . . L �kb for k = 0, . . . ,m.
From the construction of Xp.i. , we can also deduce that
�H F(Xp.i., t)=�H F(C1, t)+�H F(C2, t−a)+. . .+�H F(Cm , t−(m−1)a)
where Ck = CI (a, (m − k + 1)b) for k = 1, . . . ,m.Let Xgrid = {CI (a, b);m} be the fat point scheme constructed on an a×bgrid, where a, b, and m are the same integers used to construct Xp.i. above,that is
Xgrid = {Pi j = Ri ∩ Lj ; mij = m ∀ i = 1, . . . , a and j = 1, . . . , b}.
We then have the following result:
Proposition 3.2. Let a, b and m be positive integers such that a ≤ b. Then
Xgrid = {CI (a, b);m} and the partial intersection Xp.i. of type ((mb, (m −1)b, (m − 2)b, . . . , 2b, b), (a, a, . . . , a)) have the same graded Betti numbers,and hence, the same Hilbert function.
Proof. If a = 1, then Xgrid = {CI (1, b);m}, i.e., Xgrid is a set of b fat pointson a line. We know that {mb, (m − 1)b + 1, . . . ,m − 1 + b,m} is a list of thedegrees of the generators for Xgrid . Moreover, by Proposition 2.1 we have
�HIXgrid (t) = HIXgen (t) =
� t + 1 0 ≤ t < mm − i ti ≤ t < ti+10 tm ≤ t
where ti = m + i(b − 1) for 0 ≤ i ≤ m.From Lemma 1.1 in [17], we know that the syz-degrees of Xgrid are of type(m − k)b + k + 1 for k = 0, . . . ,m − 1, hence it has a minimal resolution oftype (2) and then it has the same graded Betti numbers of a partial intersectionof type ((mb, (m − 1)b, (m − 2)b, . . . , 2b, b), (1, 1, . . . , 1)).
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Let us suppose a > 1, and the thesis is true for homogeneous fat pointsschemes X = {CI (a, b);m} with a < a and b ≤ b whose support CI (a, b) isconstructed on an a× b grid. De�ne the following two homogeneous fat pointsschemes:
X1 := {CI (a − 1, b);m} = {Pi j = Ri ∩ Lj ;m = mij for
i = 1, . . . , a − 1, j = 1, . . . , b}
and
X2 :={CI (1, b);m} = {Paj = Ra ∩ Lj ;m = maj for j = 1, . . . , b}
We have Xgrid = X1 ∪ X2.
By inductionX1 has the same graded Betti numbers as the partial intersec-tion V1 of type (p�, q �) where p� = (mb, . . . , b) and q � = (a − 1, . . . , a − 1� �� �
m
).
That is,
V1 :={P �i, j (i)= R�i ∩ L �j (i) | i=1, . . . ,m(a − 1), j (i)=1, . . . , p��r(i)}
Similarly, X2 has the same graded Betti numbers as the partial intersection V2of type (p��, q ��) where p�� = (mb, (m − 1)b, . . . , b) and q �� = (1, 1, . . . , 1� �� �
m
).
That is,
V2 :={P �i, j (i) = R�i ∩ L �j (i)| i=m(a − 1)+ 1, . . . ,ma, j (i)=1, . . . , p��r(i)}.
But p�r(t ) = p��r(ma−m+2) = mb for t = 1, . . . , a − 1p�r(t ) = p��r(ma−m+2) = (m − 1)b for t = a, . . . , 2(a − 1)
...p�r(t ) = p��r(ma) = b for t = m(a − 1)− a + 2, . . . ,m(a − 1)
If we now renumber the lines of type R�i , we get
V = V1 ∪ V2
= {P �i, j (i)= R�i ∩ L �j (i)| i=1, . . . ,ma, j (i)=1, . . . , pr(i)}
where
pr(i) =

mb if 1 ≤ i ≤ a(m − 1)b if a + 1 ≤ i ≤ 2a
...b if ma − a + 1 ≤ i ≤ ma
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Hence, V is a partial intersection that is equal to Xp.i. and thus, it has a minimalresolution of type (2). Furthermore, since the generators of X1 are of type
G (1)k+1 = Rm−k1 · · · Rm−ka−1 Lk1 · · · Lkb
for k = 0, . . . ,m, then the generators of Xgrid = X1 ∪X2 are of type
G (1)k+1Rm−ka = Rm−k1 · · · Rm−ka−1 Rm−ka Lk1 · · · Lkb
for k = 0, . . . ,m. Hence Xgrid has the same graded Betti numbers as Xp.i. . �
Remark 3.3. We notice that the generators of
Xgrid = {CI (a, b) ; m}
= {Pi j = Ri∩Lj ; mij = m ∀ i = 1, . . . , a and j = 1, . . . , b}
are of the type
Gk+1 = Rm−k1 · · · Rm−ka Lk1 · · · Lkb for k = 0, . . . ,m.
4. Schemes of double points and connections with Partial Intersections.
In this section we show how partial intersections are connected withProblem 1 in the case that m = 2. We continue to assume that a ≤ b.Let us consider the following partial intersection Xp.i. of type (p, q) wherep = (2b, b) and q = (a, a). For such a set Xp.i. , we know that the minimalresolution is
(3) 0→ OP2 (−a− 2b)⊕OP2 (−2a −b)→
→ OP2(−2a)⊕OP2(−2b)⊕OP2 (−a − b)→OP2 → OXp.i.→0
and the Hilbert function is
(4) �H F(Xpi, t) = �H F(C1, t)+�H F(C2, t − a)
where C1 = CI (a, 2b) and C2 = CI (a, b). More generally, if b > 2a−1, thenby using (4) and Theorem 3.2, we have
�HR/IXgrid (t) = �HR/IXp.i. (t) =

t + 1 0 ≤ t ≤ 2a − 12a 2a ≤ t ≤ a + b − 13a + b − t − 1 a + b ≤ t ≤ 2a + b − 2a 2a + b − 1 ≤ t ≤ 2b− 1a + 2b − t − 1 2b ≤ t ≤ a + 2b − 20 i ≥ a + 2b− 1
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If b ≤ 2a − 1, then
�HR/IXgrid (t)=�HR/IXp.i. (t)=

t + 1 0 ≤ t ≤ 2a − 12a 2a ≤ t ≤ a + b − 13a + b− t − 1 a + b ≤ t ≤ 2b− 13a + 3b−2t−2 2b ≤ t ≤ 2a + b − 2a + 2b−t−1 2a + b−1 ≤ t ≤ a + 2b−20 t ≥ a + 2b − 1.
In the cases a = 1 and a = 2, we recover the same formulas of [8] and [6]respectively.We now want to calculate the Hilbert function of the following subset of
Xp.i. �Yp.i. = Xp.i. \ {Pr,s , Pa+r,s , Pr,b+s}
for any r ∈ {1, . . . , a} and s ∈ {1, . . . , b}. After renumbering the lines, we canalways suppose that r = a and s = b. We are therefore interested in the Hilbertfunction of �Yp.i. = Xp.i. \ {Pa,b, P2a,b, Pa,2b}.
We note that �Yp.i. is not a p.i., but we will show that it has the same graded Bettinumbers as a particular partial intersection.We need some de�nitions.
De�nition 4.1. Let X = {P1, . . . , Ps} be a set of s distinct points in P2. Wesay that F ∈ k[x0, x1, x2] is a separator for Pi if F(Pj ) = 0 for all j �= i andF(Pi ) �= 0. We call the degree of Pi in X the minimal degree of a separator forPi .
The following theorem provides a result on the degree of Pi in X that wewill use in the next theorem.
Theorem 4.2. Let X be a �nite set of distinct points in P2. Let
0 →�
j∈B2
OP2 (− j )β2 j →�
j∈B1
OP2 (− j )β1 j → OP2 → OX → 0.
be a minimal free resolution of OX with β1 j , β2 j �= 0. Then for any point P ∈X,the degree of P in X, say α, has the property that α + 2∈ B2.
Proof. See [1]. �
With the above notation, we have
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Theorem 4.3.
�HR/I�Yp.i. (t) =

�HR/IXp.i. (t)− 1 i f t = 2a + b− 2,a + 2b − 3, a + 2b − 2
�HR/IXp.i. (t) otherwise.
Proof. Let us start by removing the point Pa,2b from Xp.i. . Since Y1 =
Xp.i.\Pa,2b is a p.i. of type (p�, q �) where p� = (2b, 2b − 1, b) and q � =(a − 1, 1, a), then Y1 has the following minimal resolution
0→ O2
P2 (−a − 2b + 1)⊕ OP2 (−2a − b)→
OP2 (−2a)⊕OP2 (−2b)⊕OP2 (−a−b)⊕OP2 (−a−2b+2) → OP2 → OY1 → 0
and hence, its Hilbert function is:
�HR/IY1 (t) =
�
�HR/IXp.i. (t)− 1 if t = a + 2b − 2
�HR/IXp.i. (t) otherwise.
Let us consider Y2 = Y1\P2a,b = Xp.i.\{Pa,2b, P2a,b}. Y2 is a p.i. of type(p��, q ��) where p�� = (2b, 2b− 1, b, b− 1) and q �� = (a − 1, 1, a − 1, 1). Theminimal resolution of Y2 is
(5) 0→ O2
P2 (−a − 2b+ 1)⊕O2P2 (−2a − b + 1)→
OP2 (−2a)⊕OP2 (−2b)⊕OP2 (−a−b+1)⊕OP2 (−a−2b+2)⊕OP2 (−2a−b+1)→
OP2 → OY2 → 0
Hence, the Hilbert function is:
�HR/IY2 (t) =
�
�HR/IY1 (t)− 1 if t = 2a + b− 2
�HR/IY1 (t) otherwise.
Using Theorem 4.2 and (5) we can say that the degree of Pa,b in Y2 can beeither a + 2b− 3 or 2a + b − 3. Let us show that it is a + 2b − 3.For j = b + 1, . . . , b+ a − 1, let Hj denote the line passing through Pa, jand Pi,b , i.e., Hj = Pa, j Pi,b where i = j − b + a. By this construction, eachHj does not pass through Pa,b . For j = b + a, . . . , 2b − 1, let Hj = Pa, j be aline passing through Pa, j but not Pa,b. Then the form
R1 · · · Ra−1L1 · · · Lb−1Hb+1 · · ·H2b−1
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de�nes a curve of degree a + 2b − 3 passing through all the points of Y2 butnot Pa,b .We claim there is no curve of degree 2a + b − 3 which passes through
Y2\Pa,b but not Pa,b. Indeed, let us consider the set
Y3 = CI (a, 2b) \ Pa,2b
It is known that the Hilbert function of the set Y4 = Y3 \ Pa,b is the following:
�HR/IY4 (t) =
�
�HR/IY3 (t)− 1 if t = a + 2b − 3
�HR/IY3 (t) otherwise.
This means that every curve of degree 2a+b−3 passing through all the points of
Y4 also passes through Pa,b. Hence, a fortiori, every curve of degree 2a+b−3passing through all the points of Y2 = Y3 ∪ {CI (a, b) \ P2a,b} also passesthrough Pa,b .If we put Y = Y2\Pa,b, then we have
�HR/IY (t) =
�
�HR/IY2 (t)− 1 if t = a + 2b − 3
�HR/IY2 (t) otherwise.
We observe that Y = �Yp.i. and hence, we are done. �
Example 4.4. Let us consider the case a = 3 and b = 5 and m = 2. Let Xp.i.be the partial intersection of type (p, q), where p = (10, 5) and q = (3, 3), i.e.,
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • •
• • • • •
• • • • •
R�1
R�6L �1 L �10
The minimal resolution is
0 → OP2 (−13)⊕OP2 (−11)→ OP2 (−6)⊕OP2 (−8)⊕OP2 (−10)→
OP2 → OXp.i. → 0
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and the Hilbert function is
t : 0 1 2 3 4 5 6 7 8 9 10 11 12 13HXp.i. (t) : 1 3 6 10 15 21 27 33 38 42 44 45 →
�HXp.i. (t) : 1 2 3 4 5 6 6 6 5 4 2 1 0 →
When we remove the points P3,10, P6,5 and P3,5 from Xp.i. we construct the set�Yp.i. , i.e.
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • •
• • • • •
• • • • •
• • • •
R�1
R�6L �1 L �10
The minimal resolution is
0→ OP2 (−12)⊕ OP2 (−11)⊕ O2P2 (−10) →
OP2 (−6)⊕OP2 (−8)⊕OP2 (−9)⊕ O2P2 (−10) → OP2 → O�Yp.i. → 0
and the Hilbert function is
t : 0 1 2 3 4 5 6 7 8 9 10 11 12H�Yp.i. (t) : 1 3 6 10 15 21 27 33 38 41 42 →
�H�Yp.i.(t) : 1 2 3 4 5 6 6 6 5 3 1 0 →
Remark 4.5. We observe that from Theorem 4.3, the degree of Pa,b in Y2 =
Xp.i.\{Pa,2b, P2a,b} is the same as in Pa,2b−1. In fact the form
C := R�1 · · · R�a−1L �1 · · · L �2b−2
has degree a + 2b − 3 and C(Pi, j ) = 0 for all (i, j ) �= (a, 2b − 1), butC(Pa,2b−1) �= 0.
Remark 4.6. We notice that from previous remark and from the construction,we have
�H F(�Yp.i., t) = �H F(C �1, t)+�H F(C �2, t − a)
where C �1 = CI (a, 2b)\{Pa,2b−1, Pa,2b} and C �2 = CI (a, b)\{Pa,b}.
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Let us consider the homogeneous schemes of double points Xgrid =
{CIgrid (a, b); 2} and Ygrid = {CIgrid \Pab ; 2}. Using the same a and b,consider the partial intersection Xp.i. of type (p, q) where p = (2b, b) andq = (a, a). Let
Yp.i. = Xp.i.\{Pa,2b, P2a,b, Pa,2b−1}.
In this case, we observe that Yp.i. is partial intersection of type p = (2b, 2b−2, b, b − 1), q = (a − 1, 1, a − 1, 1). Furthermore, by the Remark 4.5 and
Remark 4.6, �Yp.i. and Yp.i. share the same graded Betti numbers. With thisnotation, we have
Proposition 4.7. Ygrid and Yp.i. have the same graded Betti numbers.
Proof. We can work in an analogous way as in Proposition 3.2. For a = 1there is nothing to prove. Let us suppose a > 1 and the theorem is true for ho-mogeneous schemes of double points of the type Ygrid = {CI (a, b) \Pa,b ; 2}with a < a and b ≤ b whose support is CI (a , b)\Pa,b constructed on an a × bgrid.De�ne the following homogeneous schemes of double points:
Y1 := {CI (a−1, b); 2}={Pi j = Ri∩Lj ;m = 2 | i=1, . . . , a−1, j=1, . . . , b}
and
Y2 := {CI (1, b − 1) ; 2} = {Paj = Ra ∩ Lj ; m = 2 | j = 1, . . . , b − 1}.
Then we have Ygrid = Y1 ∪Y2.By inductionY1 has the same graded Betti numbers as the partial intersec-tion V1 of type (p�, q �) where p� = (2b, b) and q � = (a − 1, a − 1) , and Y2has the same graded Betti numbers as the partial intersection V2 of type (p��, q ��)where p�� = (2(b − 1), b − 1) and q �� = (1, 1). Renumbering the lines of typeR�i , we get V = Yp.i. = V1 ∪ V2
and hence, Yp.i. has the same graded Betti numbers as Y1 ∪ Y2. �
Corollary 4.8. Ygrid , �Yp.i. and Yp.i. have the same Hilbert function.
Remark 4.9. Proposition 3.2 and Proposition 4.7 show that the Hilbert func-tions of the schemes Xgrid and Ygrid do not depend on the forms of degree aand b that generate CIgrid (a, b) but it depends only on the numbers a, b and m.(see also [12]).
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5. Finding a Gro¨bner basis for Ygr id .
In this section we work over complex projective space (k = C) and restrictour attention to the case that m = 2. Suppose G is a set of points in P2 lyingin the af�ne slice A2z = {[x , y, 1] ∈ A2|x , y ∈ k}. Let G � = {P = (x , y) ∈
A
2|[x , y, 1]∈G}. If Z is the scheme of double points whose support is G , thenits corresponding ideal is given by IZ = ({homogeneousg ∈ k[x , y, z]|g(P) =0, ∂g
∂ x (P) = 0, ∂g∂y (P) = 0, and ∂g∂ z (P) = 0 for all P ∈ G}). Let IZ � = { f ∈k[x , y]| f (P �) = 0, ∂ f
∂ x (P �) = 0, and ∂ f∂y (P �) = 0 for all P � ∈ G �}. The Hilbertfunction of k[x , y, z]/IZ is de�ned by HZ (t) = dimk k[x , y, z]t −dimk(IZ )t forany natural number t . We can, with the help of Theorem 6.3 below, computethe Hilbert function of k[x , y, z]/IZ with reference only to the properties of IZ � .We begin by �xing basic de�nitions. Let σ denote the degree reverselexicographical order on the terms in T2 = {x i y j ∈ k[x , y]|i, j ∈ {0, 1, 2, . . .}}.Notice that this term ordering is degree compatible. For any nonzero f ∈ k[x , y]we have deg( f ) = deg(LTσ ( f )). Suppose B = {g1, g2, . . . , gn} is a Gro¨bnerbasis of IZ � with respect to the term ordering σ . The leading term set of theideal IZ � is de�ned by LTσ {IZ � } = {t ∈ T2|t = LTσ ( f ) for some f ∈ IZ � }.Since B is a Gro¨bner basis of IZ � , the leading term set of IZ � is also givenby LTσ {IZ � } = {tLTσ (gi ) ∈ T2|t ∈ T2 and gi ∈ B}. For any d ≥ 0, letPd = { f ∈ k[x , y]|deg( f ) ≤ d}. Pd is a vector space over k. Let (IZ � )d bethe degree d or less polynomials in IZ � .Recall that there is a natural vector space isomorphism φd : Pd →k[x , y, z]d given by φd ( f (x , y)) = zd f ( xz , yz ). and that φd restricted to(IZ � )d = IZ � ∩ Pd is an isomorphism of the k-vector spaces (IZ � )d and (IZ )d .
Theorem 5.1. The Hilbert function of k[x , y, z]/IZ is given by the formulaH (d) = dimk Pd−dimk (IZ � )d . If Td = {t ∈T2|deg(t) ≤ d} and for a particularchoice of d, Q = LTσ {IZ � } ∩ Td, then dimk(IZ � )d = #Q.
Proof. We apply the observations of the previous paragraph and note that ifn = #Q , then we can list the distinct terms t1, t2, . . . , tn appearing in Q indecreasing order with respect to σ . For each term ti , choose a polynomialgi ∈ IZ � such that LT(gi ) = ti . Since σ is degree compatible, gi ∈ (IZ � )d .M = {g1, g2, . . . , gn} form a basis for the k-vector space (IZ � )d . This is justi�edby noting that if L = k1g1 + k2g2 + · · · + kngn = 0, then k1 is the coef�cientof the term t1. But L = 0, so the coef�cient of t1 must be 0, i.e. k1 must be0. Then we have L = k2g2 + k3g3 + · · · + kngn = 0. k2 is the coef�cientof t2 and thus must be 0 since L = 0. Continuing the same argument, we getki = 0 for all i = 1, 2, 3, . . . , n. This shows that {g1, g2, . . . , gn} are linearlyindependent. The fact that {g1, g2, . . . , gn} generate (IZ � )d follows easily fromthe division algorithm. �
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The �rst difference Hilbert function of k[x , y, z]/IZ is denoted�H (d) andis de�ned by �H (d) = H (d) − H (d − 1) if d ≥ 1 and �H (d) = 1 if d = 0.We can rewrite the above theorem with respect to this new de�nition as follows.
Corollary 5.2. For the ring k[x , y, z]/IZ ,
�H (d) = #{t ∈T2| deg(t) = d and t /∈ LTσ {IZ � }, of the ideal IZ � }.
Proof. The proof is immediate from the de�nition of �H and the abovetheorem. �
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FIGURE 1
De�nition 5.3. A set of points, G �, in A2 is a �ush almost complete N × Mgrid if it is a grid made up of N rows and M columns, has sides parallel tothe x and y axes respectively (we are assuming the co-ordinates of the pointsare in R) and is missing the point in the lower left-hand corner. In this eventthere exists x1 < x2 < . . . < xM and y1 < y2 < . . . < yN in R such thatG � = {(xi , yj ) such that i ∈ {1, 2, . . . ,M} and j ∈ {1, 2, . . . , N}} − {(x1, y1)}.Naturally associated to G � is G = {[xi : yj : 1] ∈ P2 such that (xi , yj ) ∈ G �},
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We want the Hilbert function of the scheme of double points whose support isG . This scheme is the same as the scheme Ygrid of the previous section, excepta particular point has been removed for convenience. For the remainder of thepaper we tacitly assume we have in the background G �, G , and the ideals IZ �and IZ .For various choices of G �, we get various ideals IZ � . Figure 1 displaysleading term sets of ideals corresponding to �ush almost complete 2× 2, 3× 3,4× 4, and 5× 5 grids. In general, if G � is a particular almost complete N × Ngrid with corresponding ideal IZ � , the leading term set of IZ � is the collectionof terms which are multiples of the terms y2N , x 2N , x N yN , x N−1y2N−1 , andx 2N−2yN−1 .We will �nd explicitly generators of the ideal IZ � with leading terms equalto y2N , x 2N , x N yN , x N−1 y2N−1 , and x 2N−2 yN−1 . This set of generators is aGro¨bner basis of IZ � . Actually, we do more than this. The next theorem gives aGro¨bner basis for the ideal corresponding to the almost complete N × M grid.
Theorem 5.4. Suppose G � is a �ush almost complete N ×M grid with M ≥ Nand N,M ≥ 2. Let H1, H2, . . . , HN in k[x , y] be polynomials correspondingto the horizontal lines of the grid running from top to bottom. Similarly, letV1, V2, . . . , VM in k[x , y] be polynomials corresponding to the vertical lines ofthe grid running from left to right. For each i ∈ {2, 3, . . . , N}, let Dk be thepolynomial in k[x , y] corresponding to the line passing through (x1, yk) and(xk, y1). The following polynomials are generators of IZ � .
g1 = H 21 H 22 . . . H 2Ng2 = V 21 V 22 . . . V 2Mg3 = H1H2 . . . HNV1V2 . . . VMg4 = H 21 H 22 H 23 . . . HNV2V3 . . . VMg5 = D2D3 . . . DNH1H2 . . . HN−1V2V3 . . . VNV 2N+1V 2N+2 . . . V 2M
In particular, {g1, g2, g3, g4, g5} is a Gro¨bner basis of IZ � .
Proof. We observe that LTσ (Hi ) = y for all i ∈ {1, 2, . . . , N}. LTσ (Vj ) = xfor all j ∈ {1, 2, . . . ,M} and LTσ (Dk ) = x for all k ∈ {2, 3, . . . , N}. Therefore,the leading terms of g1, g2, g3, g4, are y2N , x 2M , xM yN , xM−1y2N−1 , andx 2M−2yN−1 respectively. Let K = {t ∈ T2 that are multiples of y2N , x 2M ,xM yN , xM−1y2N−1 , or x 2M−2yN−1} and C = T2 − K .
C ∪ {xM−1y2N−1, x 2M−2yN−1, x 2M−1yN−1} =
= {x pyq | 0 ≤ p ≤ M − 1, 0 ≤ q ≤ N − 1}∪
∪{x p+Myq | 0 ≤ p ≤ M − 1, 0 ≤ q ≤ N − 1}∪
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∪{x pyq+N | 0 ≤ p ≤ M − 1, 0 ≤ q ≤ N − 1}.
The latter three sets are disjoint and each have MN elements. C and
{xM−1y2N−1, x 2M−2yN−1, x 2M−1yN−1} are also disjoint with the latter set hav-ing three elements. Thus #C = 3MN − 3 = dimk(k[x , y]/IZ � ). So K isthe leading term set of IZ � . Since the leading terms of the polynomials in
{g1, g2, g3, g4, g5} generate K , {g1, g2, g3, g4, g5} is a Gro¨bner basis for IZ � .
�
• • •
• • • •
• • • •
• • • •
• • •
• • • •
• • • •
• • • •
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
• • • •
• • • •
• • • •
• • •
• • • •
• • • •
• • • •
• • •
.....................................................................................................
..........................................................................................
.....................................................
FIGURE 2
To get a sense of the geometric nature of the solution, Figure 2 gives thezero sets of the generators for IZ � , the ideal corresponding to the �ush almostcomplete 4× 4 grid G �. The following theorem generalizes the previous one inthe natural way.
Theorem 5.5. Suppose F ∈ k[x ] ⊆ k[x , y] has distinct roots x1, x2, . . . , xMand H ∈ k[y] ⊆ k[x , y] has distinct roots y1, y2, . . . , yN . Let G � = {(xi , yj )such that i ∈ {1, 2, . . . ,M}, j ∈ {1, 2, . . . , N} and i and j are not bothsimultaneously 1}. If M ≥ N and N,M ≥ 2, then the following polynomialsgenerate IZ � :
g1 = (y − y1)2(y − y2)2 . . . (y − yN )2g2 = (x − x1)2(x − x2)2 . . . (x − xM)2g3 = (y − y1)(y − y2) . . . (y − yN )(x − x1)(x − x2) . . . (x − xM )g4 = (y − y1)(y − y2)2(y − y3)2 . . . (y − yN )2(x − x2) . . . (x − xM)
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g5 = ((y2− y1)x+ (x2−x1)y+ (x1y1−x2 y2))((y3− y1)x+ (x3−x1)y
+(x1y1− x3 y3)) . . . ((yN − y1)x + (xN − x1)y+ (x1y1− xN yN ))(y − y2)(y − y3) . . . (y − yN )(x − x2)(x − x3) . . . (x − xM)
In particular, {g1, g2, g3, g4, g5} is a Gro¨bner Basis for IZ � .
Proof. Obvious. �
Theorem 5.6. If M > N, the generators {g1, g2, g3, g4, g5} in the previouscorollary can be homogenized to give a set of generators {h1, h2, h3, h4, h5} forIZ which are a minimal set of generators.
Proof. After homogenizing g1, g2, g3, g4, and g5, we obtain the followinggenerators for IZ .
h1 = (y − y1z)2(y − y2z)2 . . . (y − yN z)2h2 = (x − x1z)2(x − x2z)2 . . . (x − xMz)2h3 = (y− y1z)(y − y2z) . . . (y− yN z)(x − x1z)(x − x2z). . .(x − xM z)h4 = (y− y1z)(y− y2z)2(y− y3z)2 . . .(y− yN z)2(x−x2z). . .(x−xM z)h5 = ((y2− y1)x+(x2−x1)y+(x1 y1−x2y2)z)((y3− y1)x+(x3−x1)y
+(x1y1−x3y3)z) . . . ((yN− y1)x+(xN−x1)y+(x1y1−xN yN )z)(y− y2z)(y − y3z) . . . (y− yN z)(x − x2z)(x − x3z) . . . (x − xM z)
The degrees of h1, h2, h3, h4 and h5 are 2N , 2M , N + M , N + M + (N − 2),and N + M + (M − 3) respectively. We want to show that {h1, h2, h3, h4, h5}is unshortenable. In other words, we want to show for each i , hi /∈ Hi if Hi isthe ideal generated by {h1, h2, h3, h4, h5} − {hi }. Suppose h1 ∈ (h2, h3, h4, h5).Then h1 = p2h2 + p3h3 + p4h4 + p5h5 for some homogeneous polynomialsp2, p3, p4 and p5. But (x − x2z) is a factor of p2h2 + p3h3 + p4h4 +p5h5 and is not a factor of h1. So h1 /∈ (h2, h3, h4, h5). Similarly, h2 /∈(h1, h3, h4, h5) since any homogeneous element in (h1, h3, h4, h5) has (y− y2z)as a factor, but h2 does not. h5 /∈ (h1, h2, h3, h4) since any homogeneouselement in (h1, h2, h3, h4) vanishes on (x1, y1, 1) and h5 does not. Supposeh4 ∈ (h1, h2, h3, h5). Since M > N , deg(h4) ≤ deg(h5). So h4 = p1h1 +p2h2 + p3h3 + k5h5 for some k5 ∈ K and some p1, p2, p3 ∈ k[x , y, z]. k5 mustbe 0 since otherwise k5h5 is not 0 at (x1, y1, 1) and h4− p1h1− p2h2− p3h3 is.This is a contradiction. So h4 = p1h1 + p2h2 + p3h3. ∂h4∂y (x1, y1, 1) �= 0, but
∂ (p1h1+p2h2+p3h3)
∂y (x1, y1, 1) = 0. This is a contradiction. So h4 /∈ (h1, h2, h3, h5)if M > N .Now consider the possibility that h3 ∈ (h1, h2, h4, h5). If M �= 3, thendeg(h5) > deg(h3). Also the deg(h2) > deg(h3). So h3 ∈ (h1, h2, h4, h5)implies h3 = p1h1+p4h4. (y−y2z)2 appears in the factorization of p1h1+p4h4,but not in h3. This is a contradiction. If M = 3, then N = 2 since M > N . So
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h3 = L1h1 + k4h4 + k5h5 for some k4, k5 ∈ K and L1 ∈ (k[x , y, z])1 . k5 mustbe 0 since otherwise k5h5 does not vanish at (x1, y1, 1) and h3 − L1h1 − k4h4does. So h3 = L1h1 + k4h4. ∂k4h4∂y (x1, y1, 1) �= 0, but ∂ (h3−L1h1)∂y (x1, y1, 1) = 0.This is a contradiction. So h3 /∈ (h1, h3, h4, h5). �
Theorem 5.7. If M = N, {g1, g2, g3, g5} generate IZ � and can be homogenizedto give a set of generators {h1, h2, h3, h5} for IZ which are a minimal set ofgenerators.
Proof. The polynomial yg5 has leading term x 2N−2 yN , but after division by g3we get a polynomial F = yg5 + pg3 (p is determined during the division al-gorithm) which has leading term x N−1y2N−1 . Consequently, {g1, g2, g3, g5, F}is a Gro¨bner basis for IZ � . Since F ∈ (g1, g2, g3, g5), {g1, g2, g3, g5} generateIZ � . The corresponding homogeneous polynomials h1, h2, h3, h5 generate IZ ,and in fact they are an unshortenable set of generators.Any element of (h2, h3, h5) has (x − x2z) as a factor, but h1 does not, i.e.h1 /∈ (h2, h3, h5).Similarly, h2 /∈ (h1, h3, h5) since (y − y2z) is a factor of every element in(h1, h3, h5), but is not a factor of h2. h5 /∈ (h1, h2, h3) since any element of(h1, h2, h3) vanishes on (x1, y1, 1), but h5 does not. Suppose h3 ∈ (h1, h2, h5).If N ≥ 3, h3 ∈ (h1, h2, h5) implies h3 = k1h1+ k2h2+ k5h5 for some constantsk1, k2 , and k5 (if N > 3, k5 will be 0). k5 = 0 since h3−k1h1−k5h5 vanishes on(x1, y1, 1) and h5 does not. So h3 = k1h1 + k2h2, which is contradictory sinceh3−k1h1 has (y−y1z) as a factor and k2h2 does not. If N = 2, h3 ∈ (h1, h2, h5)implies h3 = k1h1 + k2h2 + L5h5 for some k1, k2 ∈ K and L5 ∈ (k[x , y, z])1 .k1 = 0 since (x − x2z) is a factor of h3 − k2h2 − L5h5 but is not a factor ofk1h1. k2 = 0 since (y − y2z) is a factor of h3 − k1h1 − L5h5 but is not a factorof k2h2. This is a contradiction since there is no orm L5 is h3 = L5h5. Soh3 /∈ (h1, h2, h5). �
The previous two theorems give us enough information to �nd the minimalfree resolution of IZ , since we know both the Hilbert function and a minimal setof generators for IZ (see also [11] and [12]).
188 MARK BUCKLES - ELENA GUARDO - ADAM VAN TUYL
REFERENCES
[1] S. Abrescia - L. Bazzotti - L. Marino, Conductor degree and Socle degree, Pre-print.
[2] J. Alexander - A. Hirschowitz, Polynomial interpolation in several variables, J.Alg. Geom., 4 (1995), pp. 201222.
[3] J. Alexander - A. Hirschowitz, Une lemme dHorace diffe´rentielle: applicationaux singularite´s hyperquartiques de P5 , J. Alg. Geom., 1 (1992), pp. 411426.
[4] J. Alexander - A. Hirschowitz, La me´thode dHorace e´clate´e: application a´linterpolation en degre´ quatre, Inv. Math., 107 (1992), pp. 585602.
[5] M. Buckles - E. Guardo - A. Van Tuyl, Fat Points schemes whose support is almosta complete intersection, Queens Papers in Pure and Applied Math. - In press,2000.
[6] M.V. Catalisano, Fat points on a conic, Comm. Alg., 19 (1991), pp. 21532168.
[7] M.V. Catalisano - A. Gimigliano, On the Hilbert Function of Fat Points on aRational Normal Cubic, Journal of Algebra, 183 (1996), pp. 245265.
[8] E. D. Davis - A.V. Geramita, The Hilbert Function of a Special Class of1-dimensional Cohen-Macaulay Graded Algebras, In The Curves Seminar atQueens, Volume III, QPPAM, 67 (1984) Article H.
[9] A. Gimigliano, Our Thin Knowledge of Fat Points, In The Curves Seminar atQueens, Vol VI, QPPAM 83 (1989) B1-B50.
[10] E. Guardo, Fat points schemes on a smooth quadric, Journ. of Pure and AppliedAlgebra, 162 (2001), pp. 183208.
[11] E. Guardo, Schemi di Fat points, Ph. D. Thesis - November 2000.
[12] E. Guardo, Schemes of fat points and partial intersections, Preprint 2001.
[13] B. Harbourne, The geometry of rational surfaces and Hilbert functions of pointsin the plane, Can. Math. Soc. Conf. Proc., 6 (1986), pp. 95111.
[14] B. Harbourne, Points in good position in P2 , in Zero-Dimensional Schemes, Proc.Internat. Conf. held in Ravello, Italy, June 8-13 De Gruyter, Berlin (1994).
[15] A. Hirschowitz, Une conjecture pour la cohomologie des diviseurs sur les sur-faces rationelles ge´ne´riques, J. Reine Angew. Math., 397 (1989), pp. 208213.
[16] A. Iarrobino, Inverse systems of a symbolic power III: thin algebras and fatpoints, Compositio Math., 108 (1997), n. 3, pp. 319356.
[17] R. Maggioni - A. Ragusa, Construction of smooth curves of P3 with assignedHilbert Function and generators degrees, Le Matematiche, 42 (1987), pp. 195209.
FAT POINTS ON A GRID IN P2 189
[18] R. Maggioni - A. Ragusa, A classi�cation of arithmetically Cohen Macaulayvarieties with given Hilbert Function, Unpublished.
Mark Buckles,Department of Mathematics,Notre Dame, Indiana 46556 (USA)e-mail:Mark.Buckles.3@nd.edu
Elena Guardo,Dipartimento di Matematica e InformaticaViale A. Doria, 6 95100 Catania (ITALY)e-mail: guardo@dmi.unict.it
Adam Van Tuyl,Department of Mathematical Sciences,Lakehead University,Thunder Bay, ONP7B5E1 (CANADA)e-mail: avantuyl@sleet.lakehesdu.ca
